Abstract: We report the experimental generation of a class of spin-orbit vector modes of light via an asymmetric Mach-Zehnder interferometer, obtained from an input beam prepared in a product state of its spin and orbital degrees of freedom. These modes contain a spatially varying polarization structure which may be controllably propagated about the beam axis by varying the retardance between the vertical and horizontal polarization components of the light. Additionally, their transverse spatial intensity distributions may be continuously manipulated by tuning the input polarization parameters. In the case of an analogous biphoton input, we predict that this device will exhibit biphoton (Hong-Ou-Mandel) interference in conjunction with the aforementioned tunable mode transformations.
The shading is a density plot of the power density of each input and output mode, while the black lines represent the polarization states of these modes at various transverse spatial locations, as viewed from the beam source. The polarization structure of each output mode propagates about the phase singularity as the retardance β between vertical and horizontal polarization components is tuned. (b) Detail of the polarization structure of both output modes, whose polarization state exhibits variability in the azimuthal (Φ) direction. See Eq. (21) and surrounding text for further details.
Introduction
The generation, measurement, and control of vector beams of light, whose transverse spatial and polarization degrees of freedom are nonseparable, have been the subject of a considerable amount of recent attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Applications of vector beams in classical optics include polarimetry [13, 14] , optical communication [15, 16] , kinematic sensing [17] , and optical trapping [18] [19] [20] [21] . Furthermore, the nonseparable nature of vector beams has allowed for experiments realizing local classical optics analogs to nonlocal quantum effects [22] , including classical analogues to violations of Bell-like inequalities [23] , the Hardy test [24] , and quantum teleportation [25] . Within the purview of quantum optics and information, vector beams have been employed to demonstrate remote state preparation [26] , various forms of hybrid entanglement [27, 28] , spatially dependent electromagnetically induced transparency [29] , and a multiple-degree-of-freedom quantum memory at the single-photon level [30] . In this context, the study of path-entangled biphoton states in which each photon's field mode is of the nonseparable type provides a natural direction of pursuit which has yet to be fully explored.
In this paper, we report the experimental generation of a class of nonseparable spin-orbit vector modes of light in an asymmetric Mach-Zehnder interferometer, and investigate theoretically the generation of path-entangled biphoton states with photons in nonseparable field modes within the same device. These vector modes are obtained by passing laser light prepared in a product state of its spin and orbital degrees of freedom through an asymmetric Mach-Zehnder interferometer, with an extra mirror in one arm [31] . We show that these modes contain a spatially varying polarization structure which may be controllably propagated about the beam axis by varying the retardance between the vertical and horizontal polarization components of the light (see Fig. 1 for a specific example of this phenomenon). We additionally demonstrate the controlled manipulation of the transverse spatial intensity distribution of the interferometer output mode by tuning the polarization state of the input. In the case of an analogous biphoton state in which spatially coherent light quanta from correlated photons pairs enter separate interferometer ports, we predict that this device will exhibit biphoton (Hong-Ou-Mandel) interference in conjunction with the aforementioned mode transformation: that is, input photons in indistinguishable spin-orbit product states are converted to path-entangled output photons in nonseparable spin-orbit vector modes. Although a number of works have studied biphoton interference involving the spin and/or orbital degrees of freedom (e.g. [32] [33] [34] ), this phenomenon has, to our knowledge, yet to be realized for output photons sharing field modes whose internal degrees of freedom are nonseparable. Potential applications of the tunable vector mode structures discussed in this work involve their use in spatially inhomogeneous light-matter interactions which depend on the polarization degree of freedom of light, including the design of dynamic optical tweezers on the classical beam level, and interactions with atomic systems involving biphoton states of light in structured vector modes.
This work is organized as follows: In Section 2, we parameterize the spin-orbit product input states of interest in terms of their associated spin and orbital Poincaré sphere angles [35] , and describe the action of the asymmetric Mach-Zehnder interferometer as a unitary operation on these states. In Section 3, we predict the simultaneous biphoton interference and mode conversion effects mentioned above, giving conditions under which biphoton interference takes place along with expressions for the biphoton output state and associated nonseparable spin-orbit output field modes. In Section 4, we contrast this quantum optical treatment with the action of our interferometer in the corresponding classical picture, and provide a theoretical description of the predicted output mode functions in terms of the spin and orbital Poincaré sphere angles of the input beams. Finally, in Section 5, we compare classical predictions to experimental data for several special cases of the theory, thereby demonstrating the aforementioned effects related to the polarization-based control of vector mode distributions of light.
Preliminaries

Spin-orbit product mode inputs
Consider a four port asymmetric Mach-Zehnder interferometer with an extra mirror in one arm, which consists of two input ports a and b accepting mutually coherent classical electromagnetic fields E a and E b along with two output ports c and d transmitting fields E c or E d , as shown in Fig. 2 . We will assume throughout this work that the translation stage shown in the figure has been adjusted such that the interferometer has equal path lengths. We further assume that the input fields (and therefore also the output fields) are collimated monochromatic Gaussian laser beams sharing a common frequency ω, wave number k, and a constant effective beam radius w 0 , and define "local" cartesian basis vectorsx,ŷ,ẑ as shown in the figure, with cylindrical coordinates (r, Φ, z) attached to each beam axis. Under these conditions, all input and output fields share the following general traveling wave form,
where E p (r, Φ) contains the transverse spatial and vector dependence of the field, with the index p taking one of the four values a, b, c, or d depending on the port of interest.
We assume that E a (r, Φ) and E b (r, Φ) are in product states of their transverse spatial (orbital) and polarization (spin) degrees of freedom, so that a single input photon in such a field mode may encode two qubits, with one coded within its orbital degrees of freedom and the other within its spin. In order to facilitate a comparison of the present classical description with the case of biphoton quantum interference, we further assume that the orbital and spin qubits associated with each input field are mutually indistinguishable. Under the above conditions, we may express the input fields as 
where the constant scalar E p denotes the field amplitude for a given port p. For the orbital qubit in Eq. (1), we constrain the transverse spatial distribution of each input field to take the form a linear superposition of first-order Hermite-Gaussian basis modes [35] , so that
where E 0 ≡ G (r) sin Φ and E 1 ≡ G (r) cos Φ respectively denote the HG 01 and HG 10 modes,
We similarly encode the spin qubit of each input field in the form of a superposition of vertical and horizontal linear polarization states, e e e = cos 
whereê e e 0 ≡ŷ y y denotes the direction of vertical polarization andê e e 1 ≡x x x the horizontal. In Eq. (2), (θ , φ ) are spherical coordinates parameterizing the first-order Hermite-Gaussian spatial mode Poincaré sphere, while in Eq. (3), the angles (α, β ) parameterize the analogous polarization Poincaré sphere [35] . With these preliminaries, substitution of Eqs. (3) and (2) into Eq. (1) yields the following expression for the input modes,
where
Here, the e p jk coefficients denote normalized amplitudes for the respective transverse spatial vector basis modes E jk comprising the input field at port p = a or b. The j and k indices correspond respectively to the properties of the transverse spatial mode function E (r, Φ) and polarization vectorê e e under one-dimensional parity inversion of the x axis. A one-dimensional parity inversion of the x axis involves both the coordinate transformation x → −x (which is equivalent to the transformation Φ → −Φ in cylindrical coordinates) and the vector field transformation x x x → −x x x. Therefore, j = 0/1 denotes even/odd parity of E (r, Φ) upon x-inversion, and k = 0/1 similarly denotes even/odd parity ofê e e. Since the vector modes E jk given in Eq. (5) span the entire mode space of interest, we choose to employ this basis to represent the output fields as well, so that Eq. (4) describes the fields at all four ports. However, the output amplitudes e c jk and e d jk do not generally possess the simple product form Eq. (5), which applies only to the input amplitudes.
Asymmetric Mach-Zehnder interferometer
Each time light reflects off a mirror or beam splitter in the interferometer in Fig. 2 , it picks up a polarization-dependent phase shift, such that the total phase shift accumulated by each polarization component of a given input wave depends on the interferometer arm traversed. In order to compensate for these shifts in our experiment, we insert birefringent retarders in the upper interferometer arm as well as at the output (see Fig. 2 ). Additionally, we insert an internal phase shifter in the form of a thin glass plate into the upper arm as shown, in order to control the relative phase δ between interferometer arms independently of polarization.
With the polarization-related phase compensators appropriately set, the relationship between the input and output basis mode amplitudes e p jk may be modeled up to an irrelevant overall constant phase by connecting them by means of a series of unitary transformations [31] , respectively representing the actions of the first beam spitter, the internal phase shifter δ , the mirrors, and the final beam splitter: 
Here, Π jk ≡ (−1) j+k represents a reflective phase shift that depends on the one-dimensional parity properties associated with the basis mode E jk upon reflection about the x axis. This phase shift occurs at each physical reflection in our apparatus, from both mirrors and beam splitters. For transverse spatial vector basis modes that possess even parity upon reflection, j + k is an even quantity, while for odd-parity modes j + k is odd (cf. Eq. (5)). Therefore, in Eq. (6) we have
for j + k even, for j + k odd.
Equations (6) and (7) provide the connection between the input and output spin-orbit field modes in both the classical and quantum optical descriptions of interference within our experimental device. In what follows we develop the associated quantum description, which predicts biphoton interference to occur in conjunction with a mode conversion from product state input photons to spin-orbit vector output photons exhibiting nonseparability of spin and orbital degrees of freedom in their associated field mode functions. We then proceed to analyze these mode functions both theoretically and experimentally within a classical framework.
Biphoton quantum interference with conversion to vector modes
In a restricted "four-mode" approach to quantization, the transverse spatial vector field functions E p (r, Φ) are quantized by promoting the mode function coefficients of Eq. (6) Here, each creation operatorp † jk has been weighted according to the amplitude e jk of its associated mode function E jk (cf. Eq. (4)), with the e jk coefficients given by Eq. (5), but with the classical field amplitudes E p dropped. Also in Eq. (8), |vac denotes the vacuum state, and we have omitted the common quantization factor E . We are interested in the biphoton output state |ψ out resulting from the action of the asymmetric interferometer on the input state |ψ in . Toward this end, substituting Eqs. (7) into Eq. (6), inverting the results, and then conjugating both sides in order to carry out the aforementioned quantization procedure (e p jk ) * → Ep † jk leads to the following input-output operator relations,
Substituting Eqs. (9) into Eq. (8) and grouping terms according to output port then yields It is evident from Eq. (13) that the field mode functions associated with photons exiting ports c and d are identical, and that they may be expressed in terms of the spin-orbit basis modes E 00 defined in Eq. (5) as Ψ Ψ Ψ ∓ (r, Φ) ≡ e 00 E 00 + e 11 E 11 ∓ i e 10 E 10 + e 01 E 01 .
In contrast with the spin-orbit product modes given in Eq. (1), the mode functions Ψ Ψ Ψ ∓ (r, Φ) are nonseparable, in the sense that they are not factorizable into products of their spin and orbital degrees of freedom. Therefore, we conclude that our asymmetric Mach-Zehnder interferometer can exhibit Hong-Ou-Mandel type biphoton interference between input photons in indistinguishable spatially coherent spin-orbit product modes, while simultaneously implementing a mode conversion to vector modes of the form Eq. (14) . See Fig. 3 for a visualization of this where both input photons are in the mode shown in Fig. 1 .
Spin-orbit vector mode functions
Classical interference of output fields
If the dual fields impinging on interferometer input ports a and b are chosen as mutually coherent laser beams as opposed to the correlated biphoton pairs discussed above, a classical description of the resulting interference between output fields is sufficient. In this picture, dual input beams with spin-orbit product state fields of the form of Eq. (1) are converted to classically entangled vector outputs by the asymmetric Mach-Zehnder interferometer. Assuming (12)).
here that the input fields of Eq. (1) share a common overall classical amplitude E a = E b ≡ E, we use Eqs. (6) and (7) in order to calculate the output amplitudes e c jk and e d jk . Subsequently employing the spin-orbit product basis as in Eq. (4), we calculate the output fields as
where the mode functions Ψ Ψ Ψ + and Ψ Ψ Ψ − are given above in Eq. (14) . From Eq. (15) it is evident that the output mode functions Ψ Ψ Ψ − and Ψ Ψ Ψ + remain stable at respective output ports c and d as the internal interferometer phase δ is tuned, while the overall output intensity at each port varies. Furthermore, if the internal interferometer phase is adjusted such that δ = ± π 2 -which yields Hong-Ou-Mandel type interference in the case of the aforementioned biphoton input-the classical description gives complete constructive interference at one output port and complete destructive interference at the other. This stands in contrast to the quantum case of a biphoton input, where energy flows out of both outputs in the form of bunched photons according to Eq. (10) .
For an intuitive physical understanding of the conjunction of the phenomena of biphoton interference and mode conversion, it is instructive to consider the case of a single classical input beam directed into port a only. Taking this approach, we set the classical input field amplitudes in Eq. (1) according to E a = E and E b = 0, which implies that the e b jk coefficients associated with port b each must be zero in Eq. (6). Substituting Eqs. (7) into Eq. (6) with e b jk = 0 and setting δ = ± π 2 as above then gives the relevant output amplitudes e c jk and e d jk , which, when substituted into Eq. (4), leads to the following expression for the output fields:
where the + and − signs correspond to δ = ± π 2 , as before. Repeating the same calculation for a single input directed into port b, we arrive at similar expressions:
which differ only with respect to the overall phase of the outputs. Superposing the output fields given in Eqs. (16) and (17) then yields output fields identical to those of the dual input case given in Eq. (15) with the internal interferometer phase set to δ = ± π 2 . This result makes it evident that the constructive and destructive output interference that occurs in the dual input case is a consequence of interference between the two input beams. In contrast, the vector mode conversion effect occurs as a result of interference between the two interferometer paths for each input beam separately, according to Eqs. (16) and (17) .
In the quantum case of biphoton interference, a single spatially coherent photon entering a given port in a spin-orbit product mode "interferes with itself" at the output via the two interferometer paths, resulting in a conversion to the same vector mode functions Ψ Ψ Ψ ∓ as in the present classical case. However, in the quantum optical picture, interference at a given output does not occur between between single photons; interference occurs between quantum amplitudes associated with joint measurement outcomes that cannot distinguish the paths taken by the photons traversing the system. Therefore, dual input photons do not interfere at the outputs in the same way as dual classical input fields do in Eq. (15) . Instead, the bunching phenomenon exhibited in Eq. (12) results from destructive interference between the following joint outcomes, (i) the joint outcome in which the port a and b photons exit the respective ports c and d in field mode Ψ Ψ Ψ ∓ , and (ii) the mutually indistinguishable joint outcome where these photons exit the opposite ports in the same field mode, which has an equal but opposite amplitude.
Polarization and intensity distributions of spin-orbit vector output modes
We present below a theoretical and experimental analysis of the class of mode functions Ψ Ψ Ψ ∓ generated by the asymmetric Mach-Zehnder interferometer, which represent nonseparable spinorbit vector modes of light. By employing Eqs. (5), the vector output vector modes Ψ Ψ Ψ ∓ (r, Φ) defined in Eq. (14) may be expressed in terms of the spin and orbital Poincaré sphere angles α, β , θ , and φ of the input spin and orbital states as
In Eq. (18a), ψ − ≡ E G (r) cos 
Equation (18d) is a central result of this work. It presents the mode functions output by the asymmetric Mach-Zehnder interferometer as parameterized by the spin and orbital Poincaré sphere angles α, β , θ , and φ of the input spin and orbital qubits. Since the radial dependence of the output mode functions is restricted to the function G (r), which factors out of the polarization state contained in square brackets, it is evident that the spatial polarization distribution of these vector modes possesses a radial symmetry. However, the polarization state of the light generally exhibits spatial variation with azimuthal polar angle Φ through the Φ dependence of A ± and B, which accounts for the classically entangled nature of these mode functions. Furthermore, we note that the spatial distribution of polarization may be tuned by adjusting the polarization parameter β of the input mode, which is easily achieved by tilting a piece of birefringent material.
As the intensity distribution of a given output mode is proportional to the classical cycleaveraged power densityP p ∝ E p (r, Φ) · E * p (r, Φ) exiting output port p, we employ Eq. (18d) to calculate this quantity here for the single input case expressed in Eqs. (16)- (17), with the internal interferometer phase set to δ = ± π 2 :
From the above relation it is evident that the transverse spatial intensity distribution associated with the orbital degree of freedom of the output modes is generally coupled to the polarization state of the input mode through the parameter α. In what follows we experimentally verify the aforementioned generation and tunability of the spatially varying polarization distribution, in addition to the polarization based control of the intensity distribution just discussed.
Polarization based control of vector mode distributions: theory and experiment
Experimental apparatus
Our experimental apparatus is shown as Fig. 4(a) . Light from a Helium Neon (HeNe) laser is coupled into an optical fiber that supports six transverse spatial modes for each polarization degree of freedom at the HeNe laser wavelength, all of which are generally excited with various amplitudes and relative phases. The modes exiting the fiber are then filtered by means of a mode-sorting Sagnac interferometer which sorts the modes according to their two-dimensional parity (see [36] for details), such that the zero-and second-order fiber output modes are rejected, and only the two first-order modes remain in the beam. The phase φ between the first-order transverse spatial modes is tuned as desired by imparting internal stress to the optical fiber via bending [37] , while the the mode orientation variable θ is tuned via an optical mode rotator, which consists of three mirrors oriented to mimic the reflections experienced in a rotatable dove prism [38] . A linear polarizer or half wave plate near interferometer port a then controls the polarization orientation angle α of the input beam, while a birefringent retarder see Fig. 2 ) controls the polarization retardance β . The balanced spin-orbit product mode inputs are then converted to vector output modes by the interferometer according to Eqs. (16) Linearly polarized intensity profiles of a spin-orbit vector output mode from a single spin-orbit product state input at interferometer port a, prepared in a balanced superposition states of both its spin and orbital degrees of freedom. As the linear polarizer angle Γ is rotated, the modal intensity distribution exhibits a polarization-controlled oscillation between first order Laguerre-Gaussian and Hermite-Gaussian profiles, demonstrating the vector nature of the beam.
which their intensity distributions are measured at the outputs via CCD camera, while a linear polarizer is inserted in front of the CCD in order to analyze their polarization distributions.
Tunable spatial polarization distribution
We prepare a single input beam at port a in a diagonal Hermite-Gaussian profile, such that θ = π 2 and φ = π on the orbital Poincaré sphere. We similarly prepare the spin degree of freedom in a balanced superposition of vertically and horizontally polarized states, such that α = π 2 , while leaving the relative phase β between input polarization components as a adjustable parameter. Under these conditions, the input mode takes the form shown in Fig. 1(a) , such that Eqs. (16), (18d), and (19) yield the port c output vector fields with the internal interferometer phase set to δ = ± 
while the output power density is given byP p (r) ∝ 1 2 E 2 G(r) 2 -"donut" modes for both output ports. The vertical and horizontal components of the field in Eq. (21) each bear unit orbital angular momentum, but with opposite signs, as may be seen by distributing the azimuthal phase term e ∓iΦ . Due to the presence of the azimuthal polar coordinate Φ in the relative phase factor e i(β ±2Φ) , the output polarization distributions vary spatially with Φ as illustrated in Fig. 1(b) . Furthermore, the entire polarization pattern propagates about the phase singularity at the center of the spatial mode as β is tuned, with the direction of rotation depending on the sign of δ .
In order to analyze the spatially varying polarization distribution of the spin-orbit vector modes shown in Fig. 1(b) , we insert linear polarizers at output ports c and d, with their transmission axes aligned at an angle Γ with respect to the vertical (as measured anticlockwise as viewed from the beam source). The polarization components of the fields exiting the polarizer may then be found via the Jones calculus Fig. 4(b) (see text for details). As the retardance β between horizontal and vertical polarization components is increased, the Hermite-Gaussian profile exhibits a polarization-controlled rotation. (b) Intensity profiles of vector output modes with no linear polarizer present before the camera (see text for details), from a single spin-orbit product state input at interferometer port a, prepared in a balanced superposition state of its orbital degree of freedom. As the polarization of the input mode
